In this paper the authors discuss an alternative way for reconstructing one-photon mixed states of a partially polarized optical field. The task is to represent the probability density distribution describing these kind of states with the Stokes parameters which also characterize the effective state of polarization. These parameters can be measured by means of the degree of polarization with an experimental setup containing a rotating linear polarizer and a circular polarizer. A thought experiment is presented which assumes that the measurement is undertaken on an analyzed beam coupled with a reference beam containing photons polarized in a well-known way. The method discussed in the paper is an alternative for the most commonly used quantum tomography approach. 
Introduction
One-photon sources are attracting the attention of researchers who deal with quantum information and quantum cryptography [1] . That is why mixed quantum states of elliptically polarized photons are noteworthy. We consider states of light which can be expressed in the onephoton states "basis". We propose an alternative way for reconstructing the probability density function P(θ ) for this class of states.
Quantum tomography is the best known approach used for * E-mail: michalik@if.pw.edu.pl a reconstruction of mixed quantum states [2] [3] [4] . The idea is to measure marginal probability functions in the phase space ( ) and to calculate the Wigner function W ( ) from these measurements using the inversed Radon transformation -that is why we call this method a tomography. The required two-dimensional P( ) representation can be further calculated from the Wigner function as these two functions are connected with a one-to-one correspondence [5] . A recent achievement in this field is the reconstruction of the polarized states of light like the squeezed states or the entangled Bell states [6, 7] .
In the case of one-photon mixed states it is not necessary to make a whole series of measurements as required by the tomography approach. The method proposed in this paper reduces the problem of a state reconstruction to a few measurements of the degree of polarization for prepared mixed states and in this sense it is a less complex method of finding the P(θ ) function.
Polarization description for photons
The state of polarization for a single photon is defined by the state vector |θ [5, 8] :
where |0 |0 is the vacuum state (the ground Fock state) andˆ † (k), ∈ { } is the creation operator for the propagation direction k. Thus (1) is a superposition of two types of a quantum oscillator's excitation. It is actually a bi-modal field but the designations | = |1 |0 (horizontal polarization) and | = |0 |1 (vertical polarization) are commonly used. Parameters θ and are used to represent complex coefficients , ∈ {1 2} in the state vector (1). They do not have any further physical interpretation for now. An analogy with the classical wave is apparent:
where φ is phase shift between field components. However it should be noted that it is only a formal analogy. Plane waves are represented by coherent states, which are eigenvectors of the annihilation operatorˆ (k). In this paper, as well as in previous ones [9] [10] [11] , we consider quantum mixed states of optical field represented by the density operator:
where dΩ = | sin θ|dθd is an element of the Bloch sphere. The form (3) is useful to describe a field containing variously polarized photons propagating in the same direction k [12] -each of them is in the mixed state (3). The value of P(θ )dΩ is the probability that a random photon chosen from a statistical ensemble has a certain polarization |θ .
A set of vectors can form a basis if the completeness criterion is satisfied. For the basis |θ we have:
Another important relation is the normalization condition:
It can be shown [10, 13] that integral (3) is equivalent to the sum of two states only:
where P ∈ 0 1 has the meaning of probability and θ , are the parameters of the so called effective state of polarization for the considered set of photons. These parameters depend on the probability density distribution P(θ ) [10, 11] :
where DOP denotes the degree of polarization and A, B, C are the following integrals:
The values of A, B, C can be obtained as mean values of the Stokes operators [11] :
where Ĵ νµ ∝ Tr{ρ ˆ † νˆ µ }, ν µ ∈ { } are the correlation functions by Glauber [5, 8] . A formal analogy between these functions and correlations of polarization modes in classical statistical optics may be shown [14] . According to (8) we are able to write the density operator using the parameters A, B, C as [11] :
(10) These parameters can be obtained by a measurement in the setup containing a beam splitter and two detectors located behind a linear polarizer and a circular polarizer in the two output modes of the beam splitter [11] . The contrast of light intensity behind the rotating linear polarizer (lin) is equal to the degree of linear polarization (DOLP):
where the maximum and minimum values of the light intensity are marked as I and I . The intenstity of light behind the circular polarizer (cir), without rotation in this case, is related to the degree of circular polarization (DOCP):
where (±) denotes a polarizer for left-or right-handed circular polarization. Both linear and circular polarizers are treated as quantum "filters" which pass a certain polarization |θ only [8] . It means that these "filters" perform a projection operation of an input photon state to an output photon state with the probability equal to:
A further discussion requires the appropriate definition of the light intensity. It can be understood in two ways:
• Intuitively -as the number of photons passing per unit of time: I = N/τ (similar to the definition of electric current).
• According to [8] -as the probability that a photon is detected in a certain point in space where a photoncounter is placed. In the case of a photon-beam passing through a quantum "filter" it is actually equal to: I = ( ).
We accept the second formulation, but on the other hand we remember that our thought experiment [11] boils down to photon counting. Thus we estimate the value of ( ) (13) with the empirical probability:
where fil marks the presence of a quantum "filter", N and N are the number of photons counted with or without this "filter" and τ , τ denote the time of measurements (sampling time). We assume for simplicity that we always take equally long samples and thus we omit τ in calculations as it reduces (in particular τ = τ ). We also have to assume that the parameters of a photon-beam are stationary, which means that they do not change in time (in particular N /τ = const during a single measurement). In the case of a linear polarizer the rotation period should be much smaller than the sampling time because the number of counted photons should be large enough for each azimuth of a polarizer. In the end we can express the searched values of DOLP and DOCP with the number of counted photons as:
Practical realization of a linear polarizer is achievable, however there are some problems with a circular polarizer [9, 15] because projection from an elliptically to circularly polarized photon is not the same operation as transforming the state of polarization of a classical wave from elliptical to circular with a birefringent phase plate -in the first case we change the phase of a photon (1) while in the second one we change the phase delay φ between E 0 and E 0 (2). Recent works show that the operation demanded for photons can be made using a so-called "q-plate" which is filled with a nematic liquid crystal [16] .
Properties of one-photon states as elements of the SU(2) group
Hilbert space for a bi-modal optical field is spanned by the states | | , where { } denote the Fock bases with horizontal and vertical polarized photons respectively. However we can treat each subspace with a fixed number of photons separately since the number of photons is preserved. It means that instead of the Fock basis we may use the Dicke states when we apply the suitable relabeling [17, 18] :
In this context, the state |θ (1) is an instance of a Bloch state for a single particle ( = 1/2). Bloch states are obtained with the operator of rotation acting on the ground Dicke state:R θ | ; − . These states may be used for describing states of atoms as well as states of an optical field [18, 19] but in the second case we remember that the label = 1/2 no longer has the meaning of a value of spin as photons are bosons. Nevertheless, the mathematical properties of one-photon states can be described by basing them on the symmetry properties of the SU(2) group [19] . The theory of the SU(2) quasidistribution functions has been analyzed by Weyl, Wigner and Stratonovich [20] [21] [22] . Their association rule states that we can make a one-to-one relation between a function in the classical phase space and an operatorγ in Hilbert space:
whereˆ ( ) ( ) is called an s-parametrized Stratotonovitch-Wigner kernel, which can be explicitly constructed in terms of tensorial sets | ;
; |. Parameter s denotes an order of operators in the kernel and thus the type of quasipropability function: for = 0 it is the Wigner function and for = −1 it is the P function that appears in a density operator. In case of one-photon states (so called photon-beams) the expression (17) is equivalent to [19] :
where λ = ( ), ∈ {0 1}, ∈ {−1 0 +1}, Y − (θ ) are the spherical harmonics and X λ = Tr{ρX λ } are the mean values of the spherical harmonic operatorsX λ , which can be expressed with the Pauli matrices:
Calculating the above traces and having regard to (10), we can simplify (18) to the form:
sin θ sin (20) As it was mentioned in the previous section, values of DOC P = A and DOLP = √ B 2 + C 2 can be measured with suitable polarizers. As we can see, the values of the parameters B, C are joint. To obtain these values separately, we provide a method which is described below. 
The concept of a reconstruction for partially polarized one-photon states
Let us consider two photon-beamsρ andρ combined into one (Fig.1) and let us assume that we can control the probability density function for one of the beamsρ (the reference beam) and the other beamρ is unknown and we want to research its density function. The new density operator describing such a coupled beam is given by:
where ∈ 0 1 and the parameter t has a similar meaning as P in (6). We define it as:
where N and N are the number of photons in the photon-beamsρ andρ at the input of the linear polarizer. Let us stress that we do not specify these two beams at the output -the aperture of the detector covers both beams. The value of N per unit of time may be changed when we have a controllable one-photon source, for example a quantum dot that is switched with a change of voltage applied. An integral form of the density operator (21) is equal to:
It is consistent with the Weyl-Wigner association rule [22] . We can also obtain this expression simply by using the law of total probability:
where the probability of an event α is the probability that an elliptically polarized photon is described by parameters (θ ) and the probability of an event β , ∈ {1 2} is the probability that a photon propagates in the i-th beam. Thus the conditional probabilities (α|β ) are expressed by probability density functions P (θ ) and P (θ ) and the probabilities (β ), ∈ {1 2} are equal to t and (1-t) respectively. We can further calculate the parameters A B C for the combined photon-beamρ (21):
The value of DOLP 2 divided by 2 is then equal to:
(26) which can be rewritten as: ) is the center of a circle.
least two different reference beams. When the two circles obtained by this measurement have one common point, this point is the searched solution. If the two circles have two common points, we need to measure the DOLP for a third reference beam (Fig.2) . Since we get the values of DOLP for the specific beamρ , therefore all possible circles must have one common point (B C ).
Conclusions
The discussed approach for obtaining the quasiprobability distribution function for one-photon states is a simple alternative for the well known quantum tomography. Instead of a whole series of measurements we just need to know the degree of polarization ofρ for a few reference beams -two or three depending on the situation.
It is also interesting at this point to compare the quantum and the classical approach for obtaining information about Stokes parameters. Classically there is the fourmeasurements method [23] -the analyzed light is passed through a differently oriented linear polarizer, with or without the presence of a quarter wave plate. The Stokes vector cannot be obtained with less than four measurements. In our method for reconstructing the one-photon mixed state of light this number of four parameters can-not be reduced and we need to measure: the parameter t, the degree of linear polarization DOLP for at least two different reference beams and the degree of circular polarization DOCP (may be obtained independently from the DOLP measurements). If we do not have luck, we need to prepare three different reference beams to solve eq. (27). In the case of classical waves, combining two different beams in order to research a state of polarization would not make sense unless they add incoherently -that is because the Stokes parameters are defined for the intensity of light, not for changes of a wave vector (2) . In the case of coupling two photon-beams the only limitation is the limitation of the number of photons per unit of time (N/τ) in both beams -we have to assume that the state (21) is still a one-photon state. This means that the secondorder excitation of the quantum oscillator | = 2 does not appear in any of the polarization modes ∈ { }. This condition is fulfilled if N/τ is low enough, because the appearance of the state |2 implies the possibility of a nonlinear effect in an atom, which is negligible in this case.
